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ABSTRACT 

The Annihilator graph of the commutative ring R, denoted by 𝐴𝐺(𝑅),is the graph 

whose vertices are the nonzero zero divisors of the commutative ring. If a ∈Z(𝑅)* then let 

𝑎𝑛𝑛𝑅(𝑎) = {𝑑 ∈ 𝑅 | 𝑑𝑎 = 0}, two distinct vertices x and yare adjacent if and only if 

𝑎𝑛𝑛𝑅(𝑥𝑦)  ≠ 𝑎𝑛𝑛𝑅(𝑥) ∪ 𝑎𝑛𝑛𝑅(𝑦). Also, a distance parameter triameter of a connected 

graph G, which is defined as for |V(G)| ≥ 3,tr(G) = max {d(u, v) + d(v, w) + d(u, w); u, v, w 

∈V(G)}. In this article wedetermine the behaviour of the triametral vertices of 𝐴𝐺(𝑅).  
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1    Introduction 

 One of the most rapidly growing areas of mathematics is graph theory. Understanding 

how to quantify the nodal connections in a network to build communities, is one of the 

challenges with the clustering process. Investigating the distance between the vertices will 

help us to find the solution. The diameter and radius of the graph are two of the most 

frequently seen properties. Angsuman Das [4] first proposed the idea of a distance parameter 

triameter of a connected graph in 2018, Which is stated as follows: For a connected graph G 

= (V, E) on |V(G)| ≥ 3, the distance parameter triameter of G, tr(G) is equal to the maximum 

of {dG(u, v)+dG(v, w) + dG(u, w); u, v, w ∈ V(G)}. The triameter was used as a parameter in 

[11]. But explicitly named only in [10].  

 The study of algebraic structures using the properties of graph theory has been an 

exciting research topic in recent days. The Annihilator graph of the commutative ring R, 

denoted by,𝐴𝐺(𝑅)isthe graph whose vertices are the nonzero zero divisors of the 

commutative ring. If a ∈Z(𝑅)* then let 𝑎𝑛𝑛𝑅(𝑎) = {𝑑 ∈ 𝑅 | 𝑑𝑎 = 0}, two distinct vertices x 

and yare adjacent if and only if 𝑎𝑛𝑛𝑅(𝑥𝑦)  ≠ 𝑎𝑛𝑛𝑅(𝑥) ∪ 𝑎𝑛𝑛𝑅(𝑦). This concept was 

introduced by Ayman Badawi [3] in 2014, For further information see[1, 5].  In this article 

we determine the behaviour of the triametral vertices of the annihilator graph 𝐴𝐺(𝑅). 

mailto:jeyadaisy@holycrossngl.edu.in


   ISSN 0976 - 5417                                       Cross Res.: June 2026                                           Vol.17 No.1  
 

2 
 

 We use the following definitions and notations in graph theory [7] in the subsequent 

sequel. By a graph G=(V,E), we mean an undirected simple graph with vertex set V and edge 

set E.A graph G is called connected if there is a path between any two distinct vertices in G. 

for vertices u and v in a graph G, d(u, v) denotes the length of the shortest path from u to v. If 

there is no such path, then d(u, v) is defined to be infinity; and d(u, u) is defined to be zero. 

The diameter of a graph G is the supremum of {d(u, v) | u andv are vertices of G} denoted by 

diam(G).A set DV(G) is a dominating set if every vertex vV(G) is either in D or adjacent 

to at least one vertex in D. A dominating set with the smallest possible cardinality is 

minimum dominating set.  

 Also, we recall some definitions and notations in algebra [9]. We consider $R$ as a 

commutative ring with identity that is not an integral domain. A ring R in which ab = b a for 

all a, b ∈R, is called a commutative ring. A nonempty subset I of a semi ring R is called an 

ideal if a, b ∈ I and r ∈ R implies a + b ∈ I and ra ∈ I. Let R be a commutative ring. let I⊆R. 

The annihilator of I is the ideal consisting of the elements a ∈ R such that ∀ x∈ I: ax= 0. 

Moreover, a commutative ring R is referred to as reduced if its nilradical, denoted by Nil(R), 

is zero. Nilradical of R is the set of nilpotent elements. If Nil(R)  0 then R is nonreduced. A 

proper ideal I of R is termed a maximal ideal if whenever J is an ideal of R and IJR. 

Further, we use the following theorems 

Theorem 1.1: [3] Let R be a commutative ring with |𝑍(𝑅)∗|  ≥ 2. Then 𝐴𝐺(𝑅) is connected 

and diam(𝐴𝐺(𝑅))  ≤ 2. 

Theorem 1.2:[8] Let R is not a local ring with |𝑍(𝑅)∗|>3 if and only if tr (AG(R)) = 6. 

Theorem 1.3:[3] Let R be a commutative ring and x,  𝑦be distinct elements of Z(R)∗. Then x 

− 𝑦 is not an edge of 𝐴𝐺(𝑅) if and only if ann(xy) =ann(x) or ann(xy) = ann(y). 

Theorem 1.4:[3] If ann(x)  ann(y) and ann(y)  ann(x) for some distinct x,y𝑍(𝑅)∗,then x-

y is an edge in AG(R). 

Theorem 1.5:[8]Let R is not a local ring with |𝑍(𝑅)∗|>3. Let a,b,c∈ 𝑍(𝑅)∗be a triametral 

triple of vertices in the annihilator graph AG(R)then abc0 and a,b,c∈ 𝑀𝑖where 𝑀𝑖′𝑠 are 

maximal ideals of 𝑅andi= 1,2,...,n 

2    Main Results 

 This section we determine the behaviour of the triametral vertices of the annihilator 

graph 𝐴𝐺(𝑅). 

Theorem 2.1. Let R be a nonreduced ring and R is not a local ring with |𝑍(𝑅)∗|>3 then the 

triametral vertices of𝐴𝐺(𝑅)have atmost one nonzero nilpotent element. 
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Proof. Let R be a nonreduced ring and R is not a local ring. Let a,b and c are the triametral 

vertices of 𝐴𝐺(𝑅). In order to prove that the triametral vertices of𝐴𝐺(𝑅) have atmost one 

nonzero nilpotent element we assume that the elements a and b are nilpotent. This implies 

that 𝑎𝑛 =0 and 𝑏𝑚 =0 where n, m are the positive integers. Then, (𝑎𝑏)𝑘=𝑎𝑘𝑏𝑘 = 0, where k 

=max(n, m). Thus, ann(ab)= R. Moreover, ann(a) 𝑍(𝑅) and ann(b) 𝑍(𝑅). Hence, ann(ab) 

ann(a)∪ann(b). By the definition, d(a,b) = 1. By Theorem 1.1, tr(AG(R)) < 6. By Theorem 

1.2, there is a contradiction that tr(AG(R)) = 6. Therefore, the triametral vertices of𝐴𝐺(𝑅) 

have atmost one nonzero nilpotent element. 

Theorem 2.2. Let R be a nonreduced ring and R is not a local ring with |𝑍(𝑅)∗|>3 then the 

triametral vertices of𝐴𝐺(𝑅) have atmost one element which belongs to the intersection of 

maximal ideals. 

Proof. Let R be a nonreduced ring and R is not a local ring. Let a,b and c are the 

triametralvertices of 𝐴𝐺(𝑅). Let 𝑀1, 𝑀2, … 𝑀𝑛 be the maximal ideal of R. Assume to the 

contrary that, a,b𝑀1 ∩ 𝑀2 ∩…∩ 𝑀𝑛. This implies that, ab = 0. Thus, ann(ab) =R. 

Moreover, ann(a) 𝑍(𝑅) and ann(b) 𝑍(𝑅). Hence, ann(ab) ann(a)∪ann(b). By the 

definition, d(a,b) = 1. By Theorem 1.1, tr(AG(R)) < 6. By Theorem 1.2, there is a 

contradiction that tr(AG(R)) = 6. Therefore, the triametral vertices of𝐴𝐺(𝑅) have atmost one 

element which belongs to the intersection of maximal ideals. 

Theorem 2.3. Let R is not a local ring with |𝑍(𝑅)∗|>3. If 𝑎1, 𝑎2 and 𝑎3 are the triametral 

vertices of 𝐴𝐺(𝑅) then ann(𝑎𝑖) ann(𝑎𝑗) where i j and i,j= 1,2,3. 

Proof. Let R is not a local ring with |𝑍(𝑅)∗|>3. If 𝑎1, 𝑎2 and 𝑎3 are the triametral vertices of 

𝐴𝐺(𝑅). In order to prove ann(𝑎𝑖) ann(𝑎𝑗) where i j and i,j= 1,2,3, we assume ann(𝑎1) 

⊈ann(𝑎2). Then by Theorem 1.4, the vertices 𝑎1and 𝑎2 are adjacent in 𝐴𝐺(𝑅). That is, 

d(𝑎1,𝑎2) = 1. By Theorem 1.1, tr(AG(R)) < 6. By Theorem 1.2, there is a contradiction that 

tr(AG(R)) = 6. Therefore, ann(𝑎𝑖) ann(𝑎𝑗) where i j and i,j= 1,2,3. 

Theorem 2.4. Let R is not a local ring with |𝑍(𝑅)∗|>3 and 𝑎1, 𝑎2 and 𝑎3 are the triametral 

vertices of 𝐴𝐺(𝑅) if and only if ann(𝑎𝑖𝑎𝑗) = ann(𝑎𝑖) or ann(𝑎𝑖𝑎𝑗) = ann(𝑎𝑗)where i j and 

i,j= 1,2,3. 

Proof. Let R is not a local ring with |𝑍(𝑅)∗|>3. If 𝑎1, 𝑎2 and 𝑎3 are the triametral vertices of 

𝐴𝐺(𝑅). In order to proveann(𝑎𝑖𝑎𝑗) = ann(𝑎𝑖) or ann(𝑎𝑖𝑎𝑗) = ann(𝑎𝑗)where i j and i,j= 1,2,3, 

we assume that ann(𝑎1𝑎2)ann(𝑎1) and ann(𝑎1𝑎2)ann(𝑎2). This implies that, 

ann(𝑎1𝑎2)ann(𝑎1)∪ann(𝑎2). By the definition, the vertices𝑎1and 𝑎2 are adjacent in 
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𝐴𝐺(𝑅).That is, d(𝑎1,𝑎2) = 1. By Theorem 1.1, tr(AG(R)) < 6. By Theorem 1.2, there is a 

contradiction that tr(AG(R)) = 6. Therefore, ann(𝑎𝑖𝑎𝑗) = ann(𝑎𝑖) or ann(𝑎𝑖𝑎𝑗) = ann(𝑎𝑗)where 

i j and i,j= 1,2,3. 

 Conversely, assume that 𝑎1, 𝑎2, 𝑎3 ∈ 𝑍(𝑅)∗ such that ann(𝑎𝑖𝑎𝑗) = ann(𝑎𝑖) or 

ann(𝑎𝑖𝑎𝑗) = ann(𝑎𝑗)where i j and i,j= 1,2,3. Thus, ann(𝑎1𝑎2) = ann(𝑎1) or ann(𝑎1𝑎2) = 

ann(𝑎2), ann(𝑎1𝑎3) = ann(𝑎1) or ann(𝑎1𝑎3) = ann(𝑎3) and ann(𝑎2𝑎3) = ann(𝑎2) or 

ann(𝑎2𝑎3) = ann(𝑎3) By Theorem 1.4, the vertices 𝑎1and 𝑎2, the vertices 𝑎1and 𝑎3 and the 

vertices 𝑎2and 𝑎3 are not adjacent in 𝐴𝐺(𝑅). This implies that, d (𝑎1,𝑎2, 𝑎3) = 6. By Theorem 

1.2, the vertices 𝑎1, 𝑎2 and 𝑎3 are the triametral vertices of 𝐴𝐺(𝑅). 

Theorem 2.5. Let𝑅 be a commutative ring with identity then the triametral vertices of 𝐴𝐺(𝑅) 

have at least one end vertex if and only if there exists a non zero element 𝑟 ∈ 𝑍(𝑅)∗ with 

|𝑎𝑛𝑛(𝑟) ∗| = 1. 

Proof. Let a, b, c ∈ 𝑍(𝑅)∗be the triametralvertices of𝐴𝐺(𝑅). Without loss of generality, let 

the vertex abe an end vertex in𝐴𝐺(𝑅). Assume to the contrary that for every𝑟 ∈

𝑍(𝑅)∗with|𝑎𝑛𝑛(𝑟) ∗| = 1. Then every vertex in𝐴𝐺(𝑅)has atleast two neighbours, which is a 

contradiction to the vertex a be an end vertex in𝐴𝐺(𝑅).  

Conversely, let there exists a nonzero element𝑟 ∈ 𝑍(𝑅)∗such that|𝑎𝑛𝑛(𝑟) ∗| = 1. On the 

contrary assume that the triametral vertices of 𝐴𝐺(𝑅)do not contain any end vertices. For that 

let a, b, c ∈ 𝑍(𝑅)∗be the triametralvertices of𝐴𝐺(𝑅)which were not end vertices. 

Since|𝑎𝑛𝑛(𝑟) ∗| = 1, there is a unique vertex in𝐴𝐺(𝑅)which annihilatesthe vertexr. Let it be 

'c'. Since the vertex c is not an end vertex and the vertex r does not lie on a path from the 

vertex a to the vertex c and the vertex b to the vertex c, d (a, r)=d (a, c)+1and d (b, r)=d (b, 

c)+1. This implies d (a, b, r) =d (a, b, c) +2. Thus, d (a, b, r) > d (a, b, c), there is a 

contradiction. Hence, either a, b or c is an end vertex. 

Theorem 2.6. Let𝑅 be a commutative ring with identity then atmost one vertex in the 

triametral vertices of 𝐴𝐺(𝑅) belongs to the minimum dominating set of 𝐴𝐺(𝑅). 

Proof. Let𝑅 be a commutative ring with identity. Let a, b, c ∈ 𝑍(𝑅)∗be the triametralvertices 

of𝐴𝐺(𝑅)and D be the minimum dominating set of 𝐴𝐺(𝑅). We prove that either a, b or c 

belongs to D or neither a, b or c belong to D. If 𝑅 has only one maximal ideal then 𝐴𝐺(𝑅) is 

a complete graph. This implies that at most one vertex in the triametral vertices of 𝐴𝐺(𝑅) 

belongs toD. 

 Let 𝑅 has two maximal ideals, namely 𝑀1and𝑀2. If 𝐴𝐺(𝑅) is isomorphic to star 

graph then 𝑀1has only one vertex and which is the minimum dominating set of 𝐴𝐺(𝑅). Thus, 
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a, b, c ∈ 𝑀2. Hence, neither a, b or c belong to D. Let 𝐴𝐺(𝑅) is not isomorphic to star graph. 

Then Dhas one vertex of 𝑀1 and one vertex of  𝑀2. Thus, at most one vertex of a, b, c 

belongs to D. 

 Let 𝑅 has more than three maximal ideals. Without loss of generality let 𝑅 has three 

maximal ideals, namely 𝑀1, 𝑀2and 𝑀3. Here, 𝑅 is not a local ring. Then by Theorem 1.5, a, 

b, c ∈ 𝑀𝑖where 𝑀𝑖′𝑠 are maximal ideals of 𝑅. Suppose the vertices a and b belong to the 

minimum dominating set D. Then D = {a, b}. We prove this theorem by following two cases. 

Case (i): Let 𝑅 is a reduced ring. By Theorem 1.5, let a, b, c ∈ 𝑀1. Then the vertices in 𝑀1 ∩

𝑀2 and 𝑀1 ∩ 𝑀3 are not dominated by D, which is a contradiction to |𝐷|=2. Thus, atmost one 

vertex of a, b, c belongs to D. 

Case (i): Let 𝑅 is not a reduced ring. Let 𝑀2
𝑛=0 for sufficiently large n. By Theorem 1.5, 

without loss of generality, let a, b, c ∈ 𝑀1. Then the vertices in 𝑀2
𝑛−1are not dominated by D, 

which is a contradiction to |𝐷|=2. Thus, at most one vertex of a, b, c belongs to D. 
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